Hierarchical spatial data structures offer distinct advantages of data compression and fast access, but are difficult to adapt to the globe. Following Dutton (1984, 1988a, 1988b), we propose to project the globe onto an octahedron, and then to recursively subdivide each of its eight triangular faces into four triangles. We provide procedures for addressing the hierarchy, and for computing addresses in the hierarchical structure from latitude and longitude, and vice versa. At any level in the hierarchy the finite elements are all triangles, but are only approximately equal in area and shape; we provide methods for computing area, and for finding the addresses of neighboring triangles.
Introduction
Hierarchical spatial data structures (HSDSs) such as the quadtree and octtree ( see for example Sarnet 1984) have been adopted in numerous geographic information systems and spatial data bases. They offer advantages in data compression and sampling efficiency, since the depth of the tree, and thus the density of information, can be varied from one area to another in response to the variability of the phenomenon being represented. Numerous processes operate faster on HSDSs, particularly various forms of spatial search. The address of a cell in an HSDS embeds both of its spatial coordinates, and thus effectively compresses two dimensions to one ( Mark and Goodchild, 1986) . Cells lower in the tree have longer addresses, and the length of an address is therefore a direct measure of spatial resolution. This has led to the suggestion (Dutton, 1988b; Saalfeld, 1988 ) that HSDSs offer a powerful solution to the problems of accuracy in spatial databases, since the spatial resolution of a position can be determined directly from the length of its spatial address.
Three properties of quadtree and octtree implementations of HSDS are of particular interest in this paper: (1) at any level, the cells are equal in area; (2) at any level, cells are equal in shape; and (3) the data structure correctly encodes the adjacency relationships between cells. The value of an HSDS for analysis and modeling would clearly be reduced without these properties, particularly in modeling based on finite elements. Unfortunately it has proven difficult to find a method of hierarchically subdividing the earth's surface so that these properties are retained. Many global databases have been based on rectangular cells superimposed on simple cylindrical projections such as Mercator's or the cylindrical equidistant projection. However although these schemes may achieve one of our required properties (as a conformal projection, the Mercator projection achieves property (1)), we note that it is well known that no projection of the earth onto a plane can satisfy both of properties (1) and (2). Moreover any cylindrical projection must violate property (3) because of the interruption at the poles. A method based on a cylindrical equal area projection was proposed by Tobler and Chen (1986) ; cells at a given level have equal area, but unequal shape. An HSDS called "Triacon" or "Quaternary Triangular Mesh (QTM)" was suggested by Dutton (1984 Dutton ( , 1988b . In this paper we follow Dutton's approach in first projecting the earth onto an octahedron, and then recursively subdividing each of the eight triangular faces of the octahedron into four triangles. Each level of the hierarchy after the first thus contains four times as many triangular cells or elements as the previous level. We simplify Dutton's approach in our numbering of the triangles, in order to obtain an addressing system which provides easy transformation to and from latitude and longitude. Our scheme satisfies property (3), and although properties (1) and (2) are only approximately satisfied, each triangular cell has an area which can be computed from a simple expression.
The discussion is organized as follows. We first describe the coordinate systems used to develop the properties of the proposed global HSDS. Subsequent sections develop the transformations between coordinate systems, particularly between cell address and latitude/longitude. Section 4 discuss the calculation of cell area, and section 5 and section 6 present an algorithm for finding the neighbors of a cell and the average data file storage distance, which corresponds to the expected cost of transition from one data cell to its neighbors.
Coordinate Systems
In our proposed scheme, the entire earth is described by an octahedron. One quarter of each hemisphere is represented by an equilateral triangle and is then decomposed. In order that the hierarchy be symmetrical and isohedral, i.e., all cells are congruent and every cell can be mapped onto other cells through translation, reflection, rotation or a combination of these, the triangle is subdivided into four smaller equilateral triangles and each of them is further subdivided recursively until a required level is reached. When the four triangles are decomposed from their ancestor triangle, they are labeled 0, 1, 2 and 3. There are 24 possible distinct ways of labeling. Moreover while the initial subdivision occurs with the northern hemisphere triangles standing on their bases ("upward"), the southern hemisphere triangles stand on vertices ("downward"). In subsequent iterations, triangles in both upward and downward orientations must be subdivided in both hemispheres. If this orientation of triangles is considered, there are 48 possible labeling schemes. In order to limit the complexity of the addressing and conversion algorithms, we use the following labeling method in every recursive decomposition: (1) the center triangle is labeled cell 0; (2) the triangle vertically above (below) the central triangle is labeled cell 1; and (3) the triangles below (above) and left and right of triangle 0 are labeled cells 2 and 3 respectively. Note that the terms in the parentheses are used when the triangle being subdivided stands on a vertex("downward").
The initial representation of the globe as eight triangles is termed the level 0 subdivision; after j further subdivisions of each triangle we reach level j of the HSDS. Thus at level j, there are 8x4 j cells. For much of the discussion in this paper the level 0 subdivision will be ignored, and we will refer simply to the recursive subdivision of one quarter hemisphere. Figure la is a triangle decomposed to level 4, with each cell identified by its address which consists of four base4 digits, identifying the triangles selected at each level of subdivision. The full address including level 0 would require an initial base8 digit. Figure 1b shows the decimal address of cells in the triangular decomposition. Figure 1c shows the ordering of cells, and emphasizes the consistent choice of the left cell as cell 2 at every level, irrespective of whether the triangle is upward or downward.
In this study, we use the following coordinate systems:
Conclusions
The hierarchical data structure which we have described in this paper satisfies one of our original requirements in full, by preserving the relationships between neighboring cells. The distortions of area inherent in the structure, and described by the sinc function, range up to a factor of 1.57 at the poles. Triangles become increasingly equilateral toward the center of each level 0 triangle at higher levels of subdivision, but the triangles adjacent to each level 0 vertex always contain one right angle. Our requirements of equal area and equal shape are thus satisfied only approximately.
In this structure every object on the earth's surface can be indexed by the address of the smallest enclosing triangle. The length of the address is then a direct index of the object's size. To find the smallest enclosing triangle of a polygon, we simply determine the triangle address of one of its vertices to some arbitrary but high level k, and then identify a largest value j ≤ k such that all other vertices share the same quaternary digits 1 through j. For example, the US, which spans two level 0 triangles, has a null address, while the block formed by 3rd and 4th Streets, Broadway and Fulton in the City of Troy, New York has the address 0223022113013 (level 13). The approximate edge length of a level 16 triangle is 150m, or the rough dimensions of a city block, according to Table 2 . However while the Broadway and Fulton faces of the block are both wholly within level 16 triangles, the smallest triangle enclosing the entire block is at level 13.
Length of address can also be used as a measure of uncertainty of position, by identifying the smallest triangle which encloses the union of the object's possible positions. For example, the accuracy currently provided by the Global Positioning System (GPS or NavStar) is about 20m. The corresponding length of address for any point on the earth's surface is 19 quaternary digits or 38 bits, any further precision being spurious. For comparison, to achieve 20m precision in latitude/longitude coordinates, it is necessary to specify location to the nearest second, which requires 7 decimal digits plus sign for longitude and 6 digits plus sign for latitude.
The ideal workstation for global systems modeling would allow the user to browse freely through data distributed over the surface of the globe. With datasets based on rectangular subdivision of a cylindrical projection it is relatively easy to browse in the equatorial region, but difficult near the poles because of high levels of distortion and interruption at the pole itself. Similar problems occur using rectangular subdivision of any other standard projection. For example, the orthographic projection gives a view of the globe as it would appear from space. However it would be time consuming to re-compute and redisplay the projection for every change of viewpoint.
Recent developments in 3D graphics display technology may make browsing on the globe much more practical. Instead of projecting to a plane, a solid is represented digitally by a polyhedron with triangular faces, and displayed in perspective directly from a display list of triangles. The graphical rendering (color or texture) of each triangle can be controlled directly from its attributes. Workstations which can display polyhedra of 10,000 triangles in 1 second are currently available for less than $20,000, and we can expect orders of magnitude improvement in these specifications in the near future. Thus we are able with current technology to create a browse of a global dataset at level 6 (approximately I degree resolution). For spatial variables such as land/water, subdivision can be much higher in some areas because of the relative homogeneity of continents and oceans. Thus the developing technology of 3D display based on polyhedra with triangular faces gives a powerful argument for trianglebased tessellation over more conventional methods.
The results presented in this paper suggest several potentially fruitful areas for further work. We have thus far ignored the non-spherical nature of the earth in calculating triangle areas. We also intent to pursue the development of algorithms, particularly to build the triangle data structure from vector data, such as the world's coastlines. In the longer term, we plan to develop a prototype workstation for global data based on the triangular structure and triangle display lists.
